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We characterize the surjectivity of a linear partial differential operator with constant
coeﬃcients on E (Ω) as well as on D ′(Ω) in terms of the existence of “good” shifted
fundamental solutions. This characterization complements results of Meise, Taylor, and
Vogt as well as Frerick and the present author.
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1. The characterization
Malgrange [8] and Hörmander [6] proved powerful characterizations of the surjectivity of a linear partial differential
operator with constant coeﬃcients P (D) on E (Ω) and on D ′(Ω)/E (Ω) by convexity conditions for supports and singular
supports. These conditions reﬂect properties of the transposed operator P (D)t = P (−D) acting on the space of distributions
with compact support:
P (D) is surjective on E (Ω) (respectively D ′(Ω)/E (Ω)) if and only if for every compact set K ⊆ Ω there is a compact
set L ⊆ Ω such that every u ∈ E ′(Ω) has (singular) support in L whenever P (−D)u has (singular) support in K .
Here we provide a characterization in terms of shifted fundamental solutions in the spirit of a theorem of Meise, Taylor,
and Vogt [9,10] about the existence of continuous linear right inverses. Roughly speaking, the characterization says that the
differential operator satisﬁes a certain condition (like surjectivity on E (Ω) or D ′(Ω)) if and only if for each compact set
K ⊆ Ω and ξ close enough to the boundary of Ω there is a (shifted) fundamental solution for δξ in almost all of Ω which
is “regular” on K where, of course, the kind of regularity corresponds to the condition to be characterized.
To present the complete picture we formulate a theorem which includes the theorem of Meise, Taylor, and Vogt as well
as results from [4]; only the last two statements are thus new. For an open set Ω ⊆ Rd we always denote by (Ωn)n∈N an
open relatively compact exhaustion. The following theorem states ﬁve results each of which begins with the same ray of
quantiﬁers (describing the existence of fundamental solutions in points close to the boundary) and each item then states
the regularity condition and the corresponding condition for the operator:
Theorem. Let P (D) be a linear partial differential operator with constant coeﬃcients on Rd and let Ω ⊆ Rd be open. Then
∀n ∈ N ∃m n ∀km, ξ /∈ Ωm ∃E ∈ D ′
(
R
d) such that P (D)E = δξ in Ωk and
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(2) E ∈ Ck(Ωn) ⇔ P (D) is surjective onD ′(Ω)/E (Ω),
(3) E ∈ C∞(Ωn) ⇔ D ′(Ω) ×E (Ω) →D ′(Ω), (u, f ) 
→ P (D)u + f
has a continuous linear right inverse,
(4) ‖E‖∗
Cm(Ωn)
 1/k ⇔ P (D) is surjective on E (Ω),
(5) ‖E‖Ck(Ωn)  1/k ⇔ P (D) is surjective onD ′(Ω).
The ﬁrst part of the theorem is the above mentioned result of Meise, Taylor, and Vogt whereas the second and third are
due to Frerick and the author [4]. The fourth condition means |E(ϕ)| 1/k for each ϕ ∈ D(Ω) with sup{|ϕ(α)(x)|: x ∈ Ωn,
|α|m}  1 and the last one that the restriction of E to Ωn is a Ck-function whose partial derivatives up to order k are
bounded by 1/k. This constant 1/k can of course be replaced by any ε > 0 (by increasing k in the ray of quantiﬁers).
Despite the similarity of the conditions they are all different. In fact, no elliptic operator has a continuous linear right in-
verse (since fundamental solutions are analytic outside the origin) but it always satisﬁes (2)–(5). Every hypoelliptic operator
satisﬁes (3) and thus (2) on any open Ω but in the non-elliptic case it is not surjective on open sets with holes. An operator
on Rd (which is automatically surjective on E (Rd) and D ′(Rd)) which does not satisfy (3) was found in [4].
2. Proofs
The characterization (4) will be proved by the classical Mittag-Leﬄer method (correcting local solutions obtained as the
convolution of the truncated right hand side with a fundamental solution) which was applied to partial differential operators
e.g. by Malgrange [8], cf. the proof of theorem [7, 10.6.7]. A more formalized version of this method is due to Palamodov
[12,13], we brieﬂy describe a simpliﬁed variant in the spirit of [14]. For a countable projective spectrum Y = (Yn, σ nm) of
vector spaces (i.e., the linear spectral maps σ nm : Ym → Yn satisfy σ nk = σ nm ◦ σmk for nm k and σ nn = id) we denote by
Y∞ =
{
(yn)n∈N ∈
∏
n∈N
Yn: yn = σ nm(ym) for all nm
}
the projective limit, by σm∞ : Y∞ → Ym the map (yn)n∈N 
→ ym , and we set
	Y :
∏
n∈N
Yn →
∏
n∈N
Yn, (yn)n∈N 
→
(
yn − σ nn+1(yn+1)
)
n∈N.
The cokernel (i.e. the range space modulo the image) is then the ﬁrst derived projective limit, we refer to [13,14] for the
homological background and proofs of the following results.
If now Z = (Zn, τnm) is another spectrum and T = (Tn)n∈N is a morphism, that is Tn : Yn → Zn are linear and commute
with the spectral maps, we have the canonical map T∞ : Y∞ → Z∞ between the projective limits. Let us assume that
T∞ is locally surjective, i.e. τm∞(Z∞) ⊆ Tm(Ym) for all m ∈ N. Denoting by X = (Xn,nm) the spectrum of the kernels and
restrictions we obtain from a diagram chase:
• If 	X is surjective then T∞ is surjective.
• If 	Y and T∞ are surjective, then 	X is surjective.
In view if these facts it is useful to characterize surjectivity of 	X :
Proposition (Palamodov). For a spectrum X = (Xn,nm) of Fréchet spaces and continuous linear maps the following conditions are
equivalent.
(1) 	X is surjective,
(2) ∀n ∈ N, U ∈ U0(Xn) ∃m n ∀km nm(Xm) ⊆ nk (Xk) + U ,
(3) ∀n ∈ N, U ∈ U0(Xn) ∃m n nm(Xm) ⊆ n∞(X∞) + U .
The suﬃciency of (2) is often applied in a more direct way (that is, without the little diagram chase). Necessity of (3)
however is not so easily seen in concrete situations and there are thus much less applications of this implication.
We will apply the proposition to the spectra consisting of Yn = Zn = E (Ωn) (endowed with their natural Fréchet space
topology) and T∞ = P (D). The spectral maps σ nm = τnm are the restriction maps. Local surjectivity is proved by multiplying
with a cut-off function and forming the convolution with a fundamental solution. Note that the proposition applied to Y
implies the surjectivity of 	Y and thus (2) and (3) for the kernel spectrum
Xn =
{
f ∈ E (Ωn): P (D) f = 0
}
, nm( f ) = f |Ωn
are characterizations of the surjectivity of P (D) on E (Ω).
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For n ∈ N we choose m from the condition about the shifted fundamental solutions according to n + 1. For k m + 1
and U ∈ U0(Xn) there are a compact set K ⊆ Ωn and r ∈ N such that U contains
{
f ∈ Xn: ‖ f ‖K ,r  1/r
}
where ‖ f ‖K ,r = sup
{∣∣ f (α)(x)∣∣: x ∈ K , |α| r}.
We set ε = min{dist(Ωn,Ωcn+1),dist(Ωk,Ωck+1)}, cover Ωk \Ωm by ﬁnitely many balls B(ξ j, ε), j ∈ J , and choose a subordi-
nated partition of unity ϕ j as well as a test function ψ ∈ D(Ωm+1) which is 1 in Ωm . For f ∈ Xm+1 we set g = P (D)(ψ f )
and choose k˜ from the condition such that k˜ > C where C is a constant depending only on ξ j,ϕ j and g to be determined
later on. We choose fundamental solutions E j according to ξ j and k˜ and we set
h =
∑
j∈ J
E j ∗ δ−ξ j ∗ (ϕ j g) so that P (D)h = g in Ωk
(in Ωk \ Ωm this is clear and in Ωm we have g = 0 and P (D)h = 0). Moreover,
‖h‖K ,r 
∑
j∈ J
∥∥E j ∗ ((ϕ j g)(· + ξ j))∥∥K ,r

∑
j∈ J
‖E j‖∗Cm(Ωn+1)
∥∥(ϕ j g)(· + ξ j)∥∥B(0,ε),r+m  1/r
for C = r∑ j∈ J ‖(ϕ j g)(· + ξ j)‖B(0,ε),r+m . From
f = (ψ f − h) + h + (1− ψ) f
we thus obtain nm+1( f ) ∈ nk (Xk) + U . In view of Palamodov’s proposition above this proves the surjectivity of P (D)
on E (Ω).
2.2. Necessity of the condition in (4)
By the Malgrange–Ehrenpreis theorem, there exists a fundamental solution T ∈ D ′(Rd) of ﬁnite order p (which only
depends on the dimension, one can take p = d/2+1). Keeping the notation from above we conclude from the surjectivity
of P (D) on E (Ω) the condition
∀n ∈ N, U ∈U0(Xn) ∃m n nm(Xm) ⊆ n∞(X∞) + U (∗)
which, for given n ∈ N, we will use for n + 1 and U = { f ∈ Xn+1: ‖ f ‖Ωn,0 < 1}. The condition gives m n + 1. We ﬁx any
ξ /∈ Ωm and we set Fξ = T ∗ δξ .
Let ϕ j be an approximate identity, that is, ϕ j(x) = jdϕ( jx) for some positive test function ϕ with
∫
ϕ(x)dx = 1. The
convolutions ϕ j ∗ Fξ converge to Fξ with respect to the dual norm ‖u‖∗Ωn,p = sup{|u(ϕ)|: ϕ ∈ D(Ωn), ‖ϕ‖Ωn,p  1}.
Given ε > 0 there is thus j ∈ N such that ϕ j ∗ Fξ − Fξ ∈ V = {u ∈ D ′(Rd): ‖u‖∗Ωn,p < ε}. We clearly have εU ⊆ V . Since
supp(P (D)(ϕ j ∗ Fξ )) = ξ + supp(ϕ j), we may increase j to obtain ϕ j ∗ Fξ ∈ Xm and after multiplying (∗) by ε we ﬁnd
g ∈ X∞ = {g ∈ E (Ω): P (D)g = 0} such that nm(ϕ j ∗ Fξ ) − n∞(g) ∈ εU . For E = Fξ − g we thus obtain P (D)E = δξ in Ω
and
E = (Fξ − ϕ j ∗ Fξ ) + (ϕ j ∗ Fξ − g) ∈ V + εU ⊆ 2V .
The proof shows that we can modify a bit the condition in (4): We may choose the regularity of fundamental solutions
to be independent of n (and even of the operator) and we obtain a good fundamental solution E not only in Ωk but in all
of Ω .
We do not know whether this last modiﬁcation is also possible in conditions (2) and (3) if P (D) is not surjective
on E (Ω).
2.3. Suﬃciency of the condition in (5)
Since Ck(Ωn) is continuously included in D ′(Ωn) this implication follows from (4) and (2). Instead of applying this
result from [4] one can follow the same lines as in the proof of suﬃciency in (4) by replacing Palamodov’s proposition for
Fréchet spaces by [14, Theorem 3.2.18] which is a very powerful characterization for the surjectivity of 	X for spectra of
(LS)-spaces.
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Clearly, surjectivity on D ′(Ω) implies surjectivity mod E and the equivalence (2) yields (shifted) fundamental solutions
which belong to Ck(Ωn+1). We will use the result of Malgrange that the surjectivity on D ′(Ω) implies that P (D) is surjec-
tive on E (Ω) (in [8] this is implicit in the proof of Théorème 4, it is explicitly stated and proved in [7, Theorem 10.6.6]).
Now the same arguments as in the proof of (4) apply.
3. Remarks
We would like to mention that the proof can be made independent of the results of Malgrange with the only exception
that we need fundamental solutions with ﬁnite order on D ′(Rd). Indeed, we only used that surjectivity on D ′(Ω) implies
surjectivity on E (Ω) which is “almost” independent of the fact that we are dealing with partial differential operators. This
follows from:
• Let T : D ′(Ω) → D ′(Ω) be any continuous linear operator whose range contains E (Ω). Then for every compact set
K ⊆ Ω there is a compact set L ⊆ Ω such that supp(ϕ) ⊆ L whenever ϕ ∈ D(Ω) satisﬁes supp(T t(ϕ)) ⊆ L (the purely
functional analytic proof is identical to that of [7, Theorem 10.6.6]).
• If T commutes with translations (i.e., T is a convolution operator) one can replace ϕ ∈ D(Ω) by u ∈ E ′(Ω).
• Suppose that
E (Rd)
r
S
E (Ω)
T
E (Rd)
r E (Ω)
is a commutative diagram with continuous linear operators S and T where r denotes the restriction. Assume that S
is surjective and that for every compact set K ⊆ Ω there is a compact set L ⊆ Ω such that supp(u) ⊆ L whenever
u ∈ E ′(Ω) satisﬁes supp(T t(u)) ⊆ L. Then T is surjective.
This last item is a consequence of the surjectivity criterion [11, 26.1]: an operator between Fréchet spaces is surjective if
and only if its transposed is weak∗-proper, that is, pre-images of weak∗-compact sets are weak∗-compact. The argument is
even simpler if one uses an improvement of the criterion due to Frerick, Müller, and the author [2]: If, in addition, the range
space is Schwartz and the operator has dense range it is suﬃcient that all pre-images of weak∗-compact sets are contained
linear hulls of weak∗-compact sets (for E ′(Ω) this means precisely to have control on the support and the order).
Let us ﬁnally note that the theorem extends mutatis mutandis to differential operators on non-quasianalytic Beurling
classes E(ω)(Ω) and D ′(ω)(Ω). Detailed proofs for the characterizations (2) and (3) in this case can be found in [5]. Charac-
terizations in terms of (singular) supports can be found in [1] and [3].
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